In this paper, we discover that univariate form of a Niho bent function is a sum of functions having the form of a Leander-Kholosha bent function taken with particular coefficients from F * 2 n for every term. We know that the Niho bent functions are related to o-polynomials. The power terms in the univariate Niho bent function can be derived by working, in a first step, on each monomial of the corresponding o-polynomial separately, and in a second step, adding them to obtain the global expression. This allows, knowing the monomials in an o-polynomial, to obtain the power terms of the polynomial representing corresponding bent function. However, the coefficients are not calculated explicitly. The explicit form is given for the bent functions obtained from quadratic and cubic o-polynomials. We also calculate the algebraic degree of any bent function in the Leander-Kholosha class.
I. INTRODUCTION
B OOLEAN functions of n variables are binary functions over the Galois field F 2 n (or over the vector space F n 2 of all binary vectors of length n; in this paper, we shall always endow this vector space with the structure of a field, thanks to the choice of a basis of F 2 n over F 2 ). Boolean functions are used in the pseudo-random generators of stream ciphers and play a central role in their security.
Bent functions were introduced by Rothaus [17] in 1976. These are Boolean functions of even number of variables n, that are maximally nonlinear in the sense that their Hamming distance to all affine functions is optimal. This corresponds to the fact that their Walsh transform takes precisely the values ±2 n/2 . Bent functions have also attracted a lot of research interest because of their relation to coding theory, sequences, applications in cryptography and other domains. Despite their simple and natural definition, bent functions turned out to admit a very complicated structure in general. On the other hand, many special explicit constructions are known. Distinguished are primary constructions giving bent Manuscript functions from scratch and secondary ones building new bent functions from one or several given bent functions. Bent functions are often better viewed in their bivariate representation but can also be viewed in their univariate form (see Section II). Good survey references containing information on explicit primary constructions of bent functions in their univariate form (expressed by means of the trace function) are [2] and [11] . The most complete and updated reference work in the field is [5] and [15] . It is well known that some of the explicit constructions belong to the two general families of bent functions which are the original McFarland [14] and the Partial Spreads (PS) classes. It was in the early 1970s when Dillon in his thesis [8] introduced the two above mentioned classes and also another one denoted by H , where bentness is proven under some conditions which were not obvious to achieve (in this class, Dillon was able to exhibit only functions belonging, up to the affine equivalence, to Maiorana-McFarland class).
It was observed in [4] that the class of the, so called, Niho bent functions (introduced in [9] by Dobbertin et al) is, up to EA-equivalence, equal to the Dillon's class H . Note that functions in class H are defined in their bivariate representation and Niho bent functions had originally a univariate form only. Three infinite families of Niho binomial bent functions were constructed in [9] and one of these constructions was later generalized by Leander and Kholosha [12] into a function with 2 r Niho exponents, where 1 < r < n/2 and gcd(r, n/2) = 1. Another class was also extended in [10] . In [1] it was proven that some of these infinite families of Niho bent functions are EA-inequivalent to any Maiorana-McFarland function which implies that classes H and Maiorana-McFarland are different up to EA-equivalence. New classes of Niho bent functions were also introduced in [4] thanks to the observed connection between class H and o-polynomials (see an example in [16] ).
In this paper, we prove that any univariate Niho bent function is obtained as a sum of functions having the form of Leander-Kholosha bent function with the relaxed conditions both on r and coefficients of power terms. In particular, any o-monomial corresponds to a 2 r -term Niho bent function of Leander-Kholosha type with particular coefficients of the power terms. This result allows, knowing the monomials of an o-polynomial, to obtain the powers of the terms in the corresponding univariate Niho bent function. However, it is hard in general, to calculate coefficients explicitly. We succeeded in finding the explicit form of bent functions obtained from quadratic and cubic o-polynomials. We provide an explicit form for all Niho bent functions that correspond 0018-9448 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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to o-monomials and o-polynomials of degree two and three. We also succeed in calculating the algebraic degree of any bent function in the Leander-Kholosha class. The paper is organized as follows. In Section II, we fix our main notation, recall the necessary background and, in Subsection II-C study the algebraic degree. Further, in Section III, we describe briefly the class H introduced in [4] and give some necessary facts that we need later. In Section IV, we obtain important results on how a Niho bent function looks in general. The quadratic and cubic o-polynomials and their corresponding bent functions are considered in Sections V and VI. Results of this paper allow to claim that now we know explicit univariate expressions of all Niho bent functions that correspond to known o-polynomials (up to their equivalence) and we know which o-polynomial corresponds to each of the known Niho bent functions.
II. NOTATION AND PRELIMINARIES
For any set E, denote E \ {0} by E * . Throughout the paper, let n be even and n = 2m.
A. Trace Representation, Boolean Functions in Univariate and Bivariate Forms
For any positive integer k and any r dividing k, the trace function Tr k r () is the mapping from F 2 k to F 2 r defined by
In particular, the absolute trace over F 2 k is the function Tr k 1 (x) = k−1 i=0 x 2 i (in what follows, we just use Tr k () to denote the absolute trace). Recall that the trace function satisfies the transitivity property Tr k = Tr r • Tr k r . The univariate representation of a Boolean function is defined as follows: we identify F n 2 (the n-dimensional vector space over F 2 ) with F 2 n and consider the arguments of f as elements in F 2 n . An inner product in F 2 n is t · z = Tr n (tz). There exists a unique univariate polynomial 2 n −1 i=0 a i t i over F 2 n that represents f (this is true more generally for any vectorial function from F 2 n to itself). The algebraic degree of f is equal to the maximum 2-weight of the exponents having nonzero coefficients, where the 2-weight wt(i ) of an integer i is the number of ones in its binary expansion. Moreover, f being Boolean, its univariate representation can be written uniquely in the form of
where n is the set of integers obtained by choosing the smallest element in each cyclotomic coset modulo 2 n − 1 (with respect to 2), o( j ) is the size of the cyclotomic coset containing j , a j ∈ F 2 o( j ) and a 2 n −1 ∈ F 2 . The function f can also be written in a non-unique way as Tr n (P(t)) where P(t) is a polynomial over F 2 n .
The bivariate representation of a Boolean function of even number of variables is defined as follows: we identify F n 2 with F 2 m × F 2 m and consider the argument of f as an ordered pair (x, y) of elements in F 2 m . There exists a unique bivariate polynomial 0≤i, j ≤2 m −1 a i, j x i y j over F 2 m that represents f . The algebraic degree of f is equal to max (i, j ) | a i, j =0 (wt(i ) + wt( j )). And f being Boolean, its bivariate representation can be written in the form f (x, y) = Tr m (P(x, y)), where P(x, y) is some polynomial of two variables over F 2 m .
It is possible to transform any univariate trace representation of a Boolean function into the corresponding bivariate formula by replacing variable t ∈ F 2 n with the linear combination of two elements that make up a basis of F 2 n seen as a two-dimensional vector space over F 2 m . We demonstrate this in Sections V and VI. To obtain a univariate formula from a bivariate representation, one can substitute x with Tr n m (t) and y by Tr n m (at) with a ∈ F 2 n \F 2 m . This transform is used in Section IV. Note that this seemingly easy procedure is hard in practice when you need to collect terms and obtain polynomial formulas.
B. Walsh Transform and Bent Functions
Let f be an n-variable Boolean function. Its "sign" function is the integer-valued function χ f := (−1) f . The Walsh transform of f is the discrete Fourier transform of χ f whose value at point w ∈ F 2 n is defined bŷ
Definition 1: For even n, a Boolean function f in n variables is said to be bent if for any w ∈ F 2 n we havê
It is well known (see, for instance, [2] ) that the algebraic degree of a Boolean bent function in n > 2 variables is at most n 2 . This means that in the univariate representation of a bent function, all exponents i whose 2-weight is larger than m have zero coefficients a i . If f is a bent function in n variables then its dualf is the Boolean function defined bŷ
By the inverse Fourier formula,f is also bent and its dual is f itself.
Definition 2: Functions f, g : F n 2 → F 2 are extended-affine equivalent (in brief, EA-equivalent) if there exist an affine permutation L of F n 2 and an affine function l :
A class of functions is complete if it is a union of EA-equivalence classes. The completed class of a set of functions S is the smallest possible complete class that contains S.
If Boolean functions f and g are EA-equivalent and f is bent then g is bent too.
C. Niho Power Functions
Definition 3: A positive integer d (always understood modulo 2 n −1 with n = 2m) is a Niho exponent and t → t d is a Niho power function if the restriction of t d to F 2 m is linear or, equivalently, d ≡ 2 j (mod 2 m − 1) for some j < n.
As we consider Tr n (at d ) with a ∈ F 2 n , without loss of generality, we can assume that d is in the normalized form, i.e., with j = 0. Then we have a unique representation
If some s is written as a fraction, this has to be interpreted modulo 2 m + 1 (e.g., 1/2 = 2 m−1 + 1). Following are all the known bent functions consisting of one or more Niho exponents:
We note that if b = 0 and a = 0 then f is a bent function listed under number 1. The possible values of d 2 are [9] , [10] :
These functions have algebraic degree m and do not belong to the completed Maiorana-McFarland class [1] . The third known Niho binomial is obtained from (2) taking odd m and r = 2. 3. Take 1 < r < m with gcd(r, m) = 1 and define
where 2 r d i = (2 m − 1)i + 2 r and a ∈ F 2 n is such that a + a 2 m = 0 [12] , [13] . This function has algebraic degree r + 1 (see Proposition 1) and belongs to the completed Maiorana-McFarland class [3] . On the other hand, the dual of f is not a Niho bent function [3] . 4. Bent functions in a bivariate representation obtained from the known o-polynomials. Consider the listed above two binomial bent functions. If gcd(d 2 , 2 n −1) = d and b = β d for some β ∈ F 2 n then b can be "absorbed" in the power term t d 2 by a linear substitution of variable t. In this case, up to EA-equivalence, b = a = 1. In particular, this applies to any b when gcd(d 2 , 2 n − 1) = 1 that holds in both cases except when
In this exceptional case, we can get up to three different classes (since exponents 1, 2 and 4 belong to the same cyclotomic coset) but the exact situation has to be further investigated.
Also, it can be easily seen that in function (2), up to EA-equivalence, we can assume a + a 2 m = 1. Indeed, let
This results in a function having the same form as f (t) except for a/b taken instead of a. It remains to note that a/b + (a/b) 2 m = 1. Also note that the conjugated exponent d i is equal to
and, therefore, bent function (2) can be equivalently written as
We will use this representation when extending this class in the following sections.
Proposition 1: Function f (t) in (3) has algebraic degree r + 1.
Proof: For any i ∈ {1, . . . , 2 r−1 − 1} take exponent (2 m−r i + 1)(2 m − 1) + 1 and analyze its binary expansion. Assume i = 2 s l with s ≥ 0 and l odd. Since
we conclude that its binary weight is equal to
Thus, the maximal weight of exponents in f (t) is r + 1.
We complete the proof by showing that all the exponents in (3) are cyclotomic inequivalent. Assume, on the contrary,
which holds only if 2 m − 1 divides 2 t − 1 that gives t = m (for t = 0, obviously, i = j ). This results in the following equivalence
that has a unique solution i = 2 r − j modulo 2 m + 1. These solutions are not good since we have that 0 < i, j < 2 r−1 .
Note 1: Taking r > m with gcd(r, m) = 1 in (2) also gives a bent function. Moreover, both r and r − m in this case result in functions that are the same, up to addition of a linear term.
Proof: First assume r > m + 1 that is r = m + s with 1 < s < m and gcd(s, m) = 1. Then, after multiplying d i by 2 n we obtain
Since i can be reduced modulo 2 m + 1, values of d i repeat in a cycle of length 2 m + 1 and, thus, the last (2 m + 1)(2 s−1 − 2) power terms in (2) (even number of cycles) cancel out and we are left with the terms corresponding to i = 1, . . . , 2 m+1 − 2 s−1 + 1 that cover one full cycle and one incomplete. Thus, the first 2 m −2 s−1 terms repeat the incomplete cycle and cancel out that allows shrinking the range further
Therefore, we can equivalently present the full set of remaining exponents as
Finally,
which indicates that d i are 2 m th powers of the exponents in (3) taken with r = s. Also raising to the power of 2 m does not change the coefficient a + a 2 m . Consider the remaining case when r = m + 1 and
Obviously, for i < 2 m − 1,
Therefore, all power terms in (3) cancel out except for the quadratic one and the one corresponding to i = 2 m − 1 having
and we get
that is, ignoring the linear term, a quadratic bent function listed under number 1.
III. CLASS H OF BENT FUNCTIONS AND O-POLYNOMIALS
In his thesis [8] , Dillon introduced the class of bent functions denoted by H . The functions in this class are defined in their bivariate form as
where x, y ∈ F 2 m and F is a permutation of F 2 m such that F(x) + x does not vanish and for any β ∈ F * 2 m , the function F(x) + βx is 2-to-1 (i.e., the pre-image of any element of F 2 m is either a pair or the empty set). The condition that F(x) + x does not vanish is required only for (4) to have a particular feature but is not necessary for bentness. Dillon was just able to exhibit bent functions in H that also belong to the completed Maiorana-McFarland class. In [4, Proposition 1], class H was slightly extended into a class H defined as follows.
Definition 4: Define class H of bent functions g as
where μ ∈ F 2 m and G is a mapping from F 2 m to itself satisfying the following conditions:
As proved in [4] , condition (7) implies (6) and is necessary and sufficient for g being bent. Adding the linear term Tr m ((μ+1)y) to (5) we obtain the original Dillon function (4). Therefore, functions in H and in the Dillon class are the same up to the addition of a linear term.
Theorem 1 [4] : Niho bent functions are just functions in H in the univariate representation.
Any mapping F on F 2 m that satisfies (7) is called an o-polynomial. The only linear o-monomial is a Frobenius map
As proven in [7] , following is the list of all existing quadratic o-monomials.
In [18] , it was shown that the only cubic o-monomial is
It is conjectured that no other o-monomial exists. Further, two o-trinomials are found [4] 
with m odd.
The remaining two known, up to equivalence, o-polynomials are Subiaco and Adelaide listed in [4] .
Proposition 2 [6] : For m > 1, any o-polynomial consists only of terms having even powers.
Using (5), every o-polynomial results in a bent function in class H (and vice versa). In particular, functions (2) with a +a 2 m = 1 are obtained from Frobenius map z 2 m−r [3] , binomial Niho bent functions with d 2 = (2 m −1)3+1 correspond to Subiaco hyperovals [10] and functions with 6d 2 = (2 m −1)+6 correspond to Adelaide hyperovals. In Section V, we find the univariate expressions of bent functions that correspond to all the existing quadratic o-monomials. In Section VI the same problem is resolved for the cubic o-monomial and trinomial. But first, we obtain an important insight of how a Niho bent function looks in general.
IV. GENERAL FORM OF A NIHO BENT FUNCTION
By definition, all exponents of monomials contained in the univariate representation of a Niho bent function are of the Niho type, i.e., up to multiplication by a power of 2, have the form of (1). We shall prove that a Niho bent function has s odd in any monomial. Moreover, we prove that any Niho bent function, up to EA-equivalence, is obtained as a sum of functions having the following form
with 0 < r < m and A i ∈ F * 2 n (for r = 1, replace the last sum with zero). We have seen that any Niho bent function (when written in bivariate form) belongs to class H, and is directly related to an o-polynomial. Each term in this o-polynomial contributes one function of type (8) (with a particular set of nonzero coefficients A i ) in this sum. The value of m −r in (8) is equal to the largest power of two that divides the exponent in this term. The whole sum also has the form of (8) (taken with the largest r found among all the added components) but some terms may cancel out due to addition in the coefficients. Note that (8) consists of the same power terms as Leander-Kholosha bent function (3) but has coefficients in F * 2 n and does not require gcd(r, m) = 1.
Lemma 1: Take integer m > 1 and d ∈ {1, . . . , 2 m − 1}. Let l ∈ {0, . . . , m − 1} be the 2-valuation of d (i.e., d/2 l is odd). For any λ ∈ F * 2 m , define the bivariate function g(x, y) = Tr m (λx 2 m −d y d ) over F 2 m ×F 2 m . Then the univariate form of g(x, y) obtained using identities x = t + t 2 m and y = at + a 2 m t 2 m , where t ∈ F 2 n and a is a primitive element of F 2 n , has the form of (8) with m − r = l and coefficients obtainable from (10), plus a linear term.
Proof: Denote I k = {0, . . . , k − 1} for k > 0 and assume
Further, denote by s the complement of a bit s and by {0, 1} T the set of binary vectors indexed in T (equivalently, the set of functions i → u i from T to {0, 1}). We have:
Note that D ∩ T = {l} and D ∪ T = I m \ I l . Denoting by w the vector of {0, 1} I m \I l whose i -th coordinate equals u i if i ∈ T and v i if i ∈ D \ {l}, and changing the notation v l into s, we deduce that:
where denoting c w := i∈I m \I l w i 2 i−l , we have 0 ≤ c w < 2 m−l . Now we observe that some exponents of t in (9) are equal to each other (resp., are the conjugate of each other); for simplicity, we write c instead of c w .
(i) For every c ∈ {0, . . . , 2 m−l −2} and for s = 1, the power of t in the corresponding term is equal to
and is therefore equal to the power of t in the term corresponding to c + 1 and s = 0. (ii) For every c ∈ {0, . . . , 2 m−l − 1}, the powers of t in the terms corresponding to c with s = 1 and 2 m−l − c − 1 with s = 0 are conjugates (one is obtained from another by multiplying it by 2 m mod 2 n − 1) since
It is obvious that the powers of a in the terms corresponding to c with s = 1 and 2 m−l − c − 1 with s = 0 are conjugates as well.
In particular, for c = 2 m−l − 1 and s = 1, the corresponding term equals a d t 2 m since i∈D\{l} 2 i + 2 l = d, and for c = 0 and s = 0, the corresponding term is a conjugate and equals a d2 m t. Also, taking c = 2 m−l−1 − 1 with s = 1 (or c = 2 m−l−1 with s = 0) we obtain a power of t equal to
that is a self-conjugate exponent (invariant under multiplication by 2 m mod 2 n − 1). The coefficients corresponding respectively to c = 2 m−l−1 − 1, s = 1 and c = 2 m−l−1 , s = 0 equal ad and a 2 md with
Note that in (9) the sum is taken over all c ∈ {0, . . . , 2 m−l − 1} and s ∈ {0, 1}, each pair (c, s) giving one term. We collect coefficients at the powers of t and, secondly, separate terms in the pairs of conjugates in order to rewrite (9) as a polynomial under the Tr n m () function. Before all, take out the term with (c, s) = (0, 0) and its conjugate with (c, s) = (2 m−l − 1, 1) that added give Tr n m (a d t 2 m ); and the term with (c, s) = (2 m−l−1 , 0) and its conjugate with (c, s) = (2 m−l−1 − 1, 1) that added give Tr n m (ad t 2 m−1 (2 m +1) ). Due to (i), we fix s = 0 and take c ∈ {1, . . . , 2 m−l − 1} \ {2 m−l−1 } and collect two coefficients at each distinct power of t. Then using (ii), we additionally restrict c ∈ {2 m−l−1 + 1, . . . , 2 m−l − 1} (equivalent to fixing w m−1 = 1) and place everything under the trace function to rewrite (9) as
where c = i∈I m−1 \I l w i 2 i−l and c − 1 = i∈I m−1 \I l w * i 2 i−l and A i ∈ F 2 n are defined explicitly. In particular, since a is a primitive element of F 2 n , we conclude that all coefficients A i are nonzero. In the case when l = m − 1 the sum over c is empty. Finally, multiplying the latter expression by λ and placing it under the Tr m () function, ignoring the linear term Tr n (a d t 2 m ), we obtain the expression having the form of (8) with m − r = l.
Example 1: Assume the simplest linear case when d = 2 l . Then the univariate form obtained by using Lemma 1 and (10) is the following
After removing the linear term Tr n (a 2 l t 2 m ), this function obtains the form of (3) with m − l = r and a 2 l in place of a. This function is bent if and only if gcd(l, m) = 1.
Then the univariate form obtained by using Lemma 1 and (10) is the following
Linear term Tr n (a d t 2 m ) can be ignored. This function is bent when m > 1 is odd and l = m − 2.
Observe some important properties of coefficients A c .
(ii) As a direct consequence we obtain that
Theorem 2: For m > 1, any Niho bent function in the univariate form, up to EA-equivalence, is obtained as a sum of functions having the form of (8) . Each monomial found in the corresponding o-polynomial contributes one function in the sum and this function has a particular set of nonzero coefficients A i for i = 1, . . . , 2 r−1 defined in (10) . The value of 0 < m − r < m is equal to the 2-valuation of the exponent in this monomial.
Proof: By Theorem 1, any Niho bent function in the bivariate form is of type H (see (5) ) and is equal to g(x, y) = Tr m x F(yx 2 m −2 ) + μy , where F(z) defines an o-polynomial over F 2 m . The linear term Tr m (μy) can be dropped.
Polynomial F(z) consists of power terms that can be treated separately under the trace using Lemma 1 and the results are added together, since
Note that the identities x = t + t 2 m and y = at+a 2 m t 2 m used in Lemma 1 to obtain univariate formulas for functions in a bivariate representation, assume a particular choice of a basis of F 2 n as a two-dimensional vector space over F 2 m . But we know that taking a different basis just results in EA-equivalent functions.
Finally, by Proposition 2, all terms in an o-polynomial have even powers if m > 1, i.e., m − r = l from Lemma 1 is not zero and r < m.
The following result that directly follows from Theorem 2 and the definition of Niho exponents, reduces dramatically practical search for Niho bent functions.
Corollary 1: Let f be a Niho bent function. Then parameters s for all Niho exponents (1) in the univariate representation of f are necessarily odd.
It is easy to calculate the algebraic degree of
Thus, algebraic degree of a Niho bent function is at most m, this fact complies with the property of any bent function.
It is interesting to observe that simple o-polynomials (monomials) will have the corresponding Niho bent function consisting of many terms. On the other hand, binomial Niho bent functions correspond to the most complicated Subiaco and Adelaide o-polynomials that consist of many terms (actually, their polynomial formulas are not known). Theorem 2 shows that this is a result of many terms canceling when adding up functions having the form of (8) that are obtained from every term found in an o-polynomial.
V. NEW NIHO BENT FUNCTIONS FROM QUADRATIC o-MONOMIALS
In Section IV, we obtained a general form of a Niho bent function in the univariate representation with explicitly defined powers in all the terms. However, coefficients of the terms are difficult to calculate in general. It turns out that these coefficients have simpler expression for the Niho bent functions that correspond to o-polynomials of low degree. In this section, we take quadratic o-polynomials. The corresponding Niho bent functions turn out to form an extension of set (2) for some particular values of m and r and are obtained by relaxing the values of the coefficients of the monomials. These coefficients take just one of four possible values and are repeated in the cycle of length 2 c+1 (for some positive integer c). We do not apply Theorem 2 that gives a way to construct univartiate Niho bent function from an o-polynomial because of technical difficulties in calculating coefficients. Instead, taking a univariate formula, we calculate the corresponding function F and later, selecting particular parameters, show that F is an o-polynomial. This gives the proof of bentness.
For any integer m > 2 take n = 2m and select a ∈ F 2 n with a + a 2 m = 1. Take any 0 ≤ J < I < m − 1 and define
Also fix integers 2 < r ≤ m and 0 < c < r − 1 used to define the following Boolean function over
In the case when r − c = 2 replace the last sum by zero.
It is easy to see that function (11) has the form of (8) with coefficients repeated in a cycle of length 2 c+1 as follows
Note small misuse of notations here since A i used in (8) should be distinguished from A 1 , A 2 , A 3 in this section.
Further, note that A 2 , A 3 ∈ F 2 m since a + a 2 m = 1 and
Here, in the case when t 2 m −1 = 1 we assume fractions are equal to zero.
Since a / ∈ F 2 m , the pair (a, 1) makes up a basis of F 2 n as a two-dimensional vector space over F 2 m . Then every element t ∈ F 2 n can be uniquely represented as ax + y with (x, y) ∈ F 2 m × F 2 m .
Now if x = 0 then t = y and we obtain f (y) = Tr m A 3 y .
For x = 0, denoting s = a + y/x and since s 2 m + s = 1, we obtain
where z = y/x. Therefore, for any x, y ∈ F 2 m ,
Note that
In particular, taking J = m − r and I = m − r + c we obtain
The full range is 0 ≤ J < I < m. So we have to consider separately the case when I = m − 1 (treated in Example 2 using Lemma 1). If J = m −2 then F(z) = z 2 m−1 +2 m−2 and applying transformation z F(z −1 ) we obtain z 2 m−2 that is a Frobenius opolynomial if and only if m is odd. Transformation z F(z −1 ) of o-polynomials translated in terms of the associated bent functions results in a particular case of EA-equivalence (see [4, Sec. 3.1.2] ). Therefore, the quadratic o-polynomial listed under number 5 corresponds to the Niho bent function that is EA-equivalent to the function obtained from the Frobenius mapping z 2 m−2 with m odd. Finally, note that, without loss of generality, we can assume
since raising to the power 2 I (I > 0) permutes the set {a ∈ F 2 n | a + a 2 m = 1}.
A. Bent Functions With 2 m−2 Niho Exponents
Assume m > 3 is odd and take function (11) with r = m−1, c = 1, I = 2 and J = 1. Then, by (12) ,
and, ignoring the constant term, this is an o-polynomial z 6 . Therefore, function (11) with such parameters is a bent function.
Note 2: This bent function can also have a more general form when taking any a ∈ F 2 n with a + a 2 m = 0. Define coefficients differently as
Obviously, if a + a 2 m = 1 then these coefficients are the same as defined originally in this section. Still, this extension does not contain any new bent function, up to EA-equivalence. Indeed, let a + a 2 m = b ∈ F 2 m and substitute t in the new function for b −6 t. This results in a similar function except for a/b taken instead of a. But a/b + (a/b) 2 m = 1 as we assumed originally.
Note 3: For m = 3, take any a ∈ F 2 6 with a + a 8 = 0. Then for the basis (a, 1), o-polynomial z 6 corresponds to the bent function that, up to the addition of a linear term, has the following form f (t) = Tr 6 (a 36 t 36 ) + Tr 6 (a 22 t 22 ).
Substituting at for t we obtain the EA-equivalent bent function Tr 3 (t 9 ) + Tr 6 (t 22 ) that is exactly function (2) with r = m − 1 = 2 and a + a 2 m = 1.
B. Bent Functions With 2 m−k−1 Niho Exponents
Assume m = 4k − 1 > 3 and take function (11) with r = 3k − 1, c = k, I = 2k and J = k. Then, by (12) ,
and, ignoring the constant term, this is an o-polynomial z 2 2k +2 k . Therefore, function (11) with such parameters is a bent function.
Note 4: This bent function can also have a more general form when taking any a ∈ F 2 n with a + a 2 m = 0. Define coefficients differently as
Obviously, if a + a 2 m = 1 then these coefficients are the same as defined originally in this section. Still, this extension does not contain any new bent functions, up to EA-equivalence. Indeed, let a + a 2 m = b ∈ F 2 m and substitute t in the new function for b −(2 2k +2 k ) t. This results in a similar function except for a/b taken instead of a. But a/b + (a/b) 2 m = 1 as we assumed originally.
Note 5: For k = 1, o-polynomial z 2 2k +2 k = z 6 is of Segre.
C. Bent Functions With 2 m−2k−2 Niho Exponents
Assume m = 4k+1 > 5 and take function (11) with r = 2k, c = k, I = 3k + 1 and J = 2k + 1. Then, by (12) ,
and, ignoring the constant term, this is an o-polynomial z 2 3k+1 +2 2k+1 . Therefore, function (11) with such parameters is a bent function. Note 6: This bent function can also have a more general form when taking any a ∈ F 2 n with a + a 2 m = 0. Define coefficients differently as
Obviously, if a + a 2 m = 1 then these coefficients are the same as defined originally in this section. Still, this extension does not contain any new bent function, up to EA-equivalence. Indeed, let a + a 2 m = b ∈ F 2 m and substitute t in the new function for b −(2 3k+1 +2 2k+1 ) t. This results in a similar function except for a/b taken instead of a. But a/b + (a/b) 2 m = 1 as we assumed originally.
Note 7: For k = 1 (i.e., m = 5), o-polynomial z 24 is obtained from the Frobenius mapping z 8 by transformation z F(z −1 ) that preserves equivalence of o-polynomials and EA-equivalence of the corresponding bent functions (see [4, Sec. 3.1.2]).
D. Bent Functions With 2 m−2 Niho Exponents
Assume m = 2k − 1 > 3 and take function (11) with r = m − 1, c = k − 1, I = k and J = 1. Then, by (12) , F(z) = z 2 k +2 + a 2 k +2 + (a + 1)(a 2 k + a 2 + 1) and, ignoring the constant term, this is an o-polynomial z 2 k +2 . Therefore, function (11) with such parameters is a bent function.
Note 8: Note that Note 9: For k = 2, o-polynomial z 2 k +2 = z 6 is of Segre and for k = 1, z 2 k +2 = z 4 is Frobenius mapping.
VI. NEW NIHO BENT FUNCTIONS FROM
THE CUBIC o-MONOMIAL In this section, we extend class (2) of bent functions for any odd m and r = m − 2. This is done by relaxing the values of the coefficients of the monomials. These coefficients take just one of eight possible values and are repeated in the cycle of length 2 (m+1)/2 . Here we calculate the corresponding function F and showing that F is an o-polynomial, we give the proof of bentness.
For any integer m take n = 2m and select a ∈ F 2 n with a + a 2 m = 1. Take any 0 < J + 1 < I < m − 1 and define A 1 = a 3·2 I −1 A 2 = a 2 I (a 2 I −1 + a 2 J )
Also define the following Boolean function over 
and F(z) = G(z) + A 3 z = a a 3·2 I −1 +2 J + (a + 1) 3·2 I −1 +2 J + z 3·2 I −1 +2 J + (a + 1) 3·2 I −1 +2 J = z 3·2 I −1 +2 J + a 3·2 I −1 +2 J +1 + (a + 1) 3·2 I −1 +2 J +1 .
In particular, take m = 2k − 1 > 5 and I = k + 1, J = 2. Then F(z) = z 3·2 k +4 + a 3·2 k +5 + (a + 1) 3·2 k +5 and, ignoring the constant term, this is an o-polynomial z 3·2 k +4 . Therefore, function (13) with such parameters is a bent function.
Note 10: For k = 2 (i.e., m = 3), o-polynomial z 3·2 k +4 = z 16 = z 2 is Frobenius mapping. For k = 3 (i.e., m = 5), o-polynomial z 3·2 k +4 = z 28 is obtained from the Frobenius mapping z 4 by transformation z F(z −1 ) that preserves equivalence of o-polynomials and EA-equivalence of the corresponding bent functions (see [4, Sec. 3.1.2] ). Now it is easy to find a Niho bent function that corresponds to the following o-trinomial of degree three
Assume n = 2m with m = 2k −1 > 5 and select a ∈ F 2 n with a + a 2 m = 1. Since F(z) is a sum of three o-monomials, we need to take a sum of three Niho bent functions that correspond to each of them. The first linear term is a Frobenius map that gives bent function (2) with r = k − 1. The second term is quadratic and corresponds to bent function (11) taken with r = m − 1, c = k − 1, I = k and J = 1. Finally, the third term of degree three corresponds to the bent function (13) (because of a differently chosen basis in this case we need to take a + 1 in stead of a in coefficients A 1 , A 2 , A 3 ). Added together, the resulting bent function has the form of (2) with r = m − 1 and coefficients of power terms taking on one of at most ten different values.
VII. CONCLUSIONS
Using our new results on the general form of a univariate Niho bent function, it becomes easy to obtain a polynomial representation of such functions knowing the terms that the corresponding o-polynomial consists of. However, coefficients of monomials in such a Niho polynomial are hard to calculate explicitly for o-polynomials of higher degree. Such explicit formulas are obtained for quadratic and cubic o-polynomials. In particular, it follows that for any odd m > 5 there exist three (two for m = 5) classes of Niho bent functions that have the form of (11). These functions correspond to quadratic o-monomials. Also, for any odd m > 5 there exists another class of Niho bent functions that have the form of (13). These functions correspond to the cubic o-monomial. These cases cover all the existing quadratic and cubic o-monomials. We also prove that for any Niho bent function, all exponents in its univariate representation must have only odd parameters s.
